GLOBAL WELL-POSEDNESS FOR A BOUSSINESQ- 
NAVIER-STOKES SYSTEM WITH CRITICAL DISSIPATION 



TAOUFIK HMIDI, SAHBI KERAANI, AND FREDERIC ROUSSET 



Abstract. In this paper we study a fractional diffusion Boussinesq model which 
couples a Navier-Stokes type equation with fractional diffusion for the velocity 
and a transport equation for the temperature. We establish global well-posedness 
results with rough initial data. 
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1. Introduction 

The aim of this paper is to study the global well-posedness for the Boussinesq system 
with partial fractional dissipation 

dtv + V ■ Vv + |D|t; + = 6*62 

dte + vve = o 

div V = 
,,0 



(1.1) 



v\t=o 



i=0 



Here, we focus on the two-dimensional case, the space variable x = (xi, X2) is in M^, 
the velocity field v is given hy v = {v^,v'^) and the pressure p and the temperature 
6 are scalar functions. The factor 9e2 in the velocity equation, the vector 62 being 
given by (0, 1), models for example the effect of gravity on the fluid motion. The 
operator |D| stands for the multiplication by |^| : = 



V'^i + ^2 ™ Fourier space. 
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If we take 6^ = then the system (jl.ip is reduced to the generahzed Navier-Stokes 
system which was studied in a series of papers [24^ [25| [26] for all space dimension 
d > 2. In particular, for the generalized Navier-Stokes system in dimension two, from 
the Beale-Kato-Majda criterion [3] and the maximum principle for the vorticity |10| . 
smooth solutions are global in time. 

The system (ll.ip can be seen as part of the class of generalized Boussinesq systems. 
These systems under the form 

dtv + V ■ Vv + Vp = 9e2 + VyV 

(1.2) 8,« + ..ve = i>„« 

are simple models widely used in the modelling of oceanic and atmospheric motions. 
They also appear in many physical problems, we refer for example to [6] for more 
details about the modelling issues. 

The operators "D^ and whose form may vary are used to take into account the 
possible effects of diffusion and dissipation in the fluid motion. 
Mathematically, the simplest model to study is the fully viscous model when = A, 
Dg = A. The properties of the system are very similar to the one of the two- 
dimensional Navier-Stokes equation and similar global well-posedness results can be 
obtained. 

The most difficult model for the mathematical study is the inviscid one, i.e. when 
Dy = Vg = 0. A local existence result of smooth solution can be proven as for 
symmetric hyperbolic quasilinear systems, nevertheless, it is not known if smooth 
solutions can develop singularities in finite time. Indeed, the temperature 6 is the 
solution of a transport equation and the vorticity to = curl v = div"^ — d2V^ solves 
the equation 

(1.3) dtUJ + vVuj = did. 

The main difficulty is that to get an estimate on lo which is crucial to prove 
global existence of smooth solutions for Euler type equation, one needs to estimate 
jiQ and, unfortunately, no a priori estimate on di9 is known. 

In order to understand the coupling between the two equations in Boussinesq type 
systems, there have been many recent works studying Boussinesq systems with par- 
tial viscosity i.e. with a viscous term acting only in one equation. We refer for 
example tol2l[7l[l2l[l3l[ia[l5l[l6]. 

In this paper, we shall focus on system (jl.ip which corresponds to the case where 
the heat conductivity is neglected and Vy = — |D|. 

When considering the usual Navier-Stokes equation for the velocity, i.e. for T)y = A, 
global well-posedness results were recently established in various functional spaces. 
In [7] , Chae proved the global well-posedness for large initial data ,9^ € H'^ with 
s > 2. This result was improved by the first two authors [15] for less regular initial 
data, that is, v^,9^ G , with s > 0. The uniqueness in the energy space Lp' was 
recently proved in [13] . According to a recent work of Danchin and Paicu [H] one 
can construct global unique solution when the dissipation acts only in the horizontal 
direction: Vy = du. 

To explain the new difficulties that appear when a weaker diffusion Vy = —\D\°^, 
a < 2 is considered, let us write the system under the vorticity formulation. By 
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using the vorticity defined as the scalar uj = div"^ — d2V^, we have to study the 
system 

' dtL0 + vVu + \B\''Lu = di9, 

< dtO + vve = 0, 

_ u;^t=o = curl v^, 0,^=0 = 
The standard energy estimate for this system gives 

j^Mmh + Mml^ < mml.-q, \m)\\L^ = iml^. 

When Q = 2, the combination of these two estimates provides the useful information 
that uj £ Lf^c^'^ n Lf^^H^. When a < 2 since no a priori estimate on is 
known some additional work is needed in order to estimate to. As in [15], the idea 
would be to use maximal regularity estimates for the semi-group e"*'^'" in order 
to compensate the loss of one derivative for 6. Nevertheless, some restriction will 
appear in order to control the nonlinear term. For the sake of clarity, we shall focus 
on the most difficult case a = 1 where this approach would fail: we consider (jl.ip 
for which the vorticity form of the system is 

dtU! + V ■ Vu! + iDjLij = di9, 

dte + vve = 0, 

u;^t=o = curl 7;°, ^,^=0 = 

This is the critical case in the sense that the gain of one derivative by the diffusion 
term roughly compensates exactly the loss of one derivative in 9 in the vorticity 
equation and has the same order as the convection term. 

The main result of this paper is a global well-posedness result for the system (jl.ip 
(see section [2] for the definitions and the basic properties of Besov spaces) . 

Theorem 1.1. Let 6^ G ^^oo i ^'^^ ^'^ divergence- free vector field belonging 
to n VK^'P with p g]2,-|-cx3[. Then the system (jl.ip has a unique global solution 
{v, 9) such that 

veLZiR+;H'riW'^nriLUR+;Bl^,) and 9 e LZ{^+;L^ nBl^,). 

A few remarks are in order. 

Remark 1.2. From the a priori estimates that we shall get in the proof of Theorem 
11.11 it is possible to obtain the existence of various types of global weak solutions, 
this is discussed in section \5\ 

At first, it is possible to get the existence without uniqueness of Leray type weak 
solutions of (jl.ip in the energy espace 

by using the energy estimate for the system (jl.ip . We refer to Proposition 15. 1[ 
We also point out that this system has the following scaling: if (v, 9) is a solution 
of (jl.ip and A > then {v\,9\) is also a solution, where v\{t,x) := v{\t,\x) and 
9\(t,x) := X9{Xt, Xx). As a consequence, the space of initial data x which is 
invariant under this transformation is critical. 

From the a priori estimates that we shall establish (see Proposition 15. 3p . we can 
also get the existence of global weak solutions (but stronger than the previous ones) 
by assuming only that G and G n L"^ with r > 4 for example i.e. we 
can get global weak solutions which almost have a critical regularity. Nevertheless 
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the uniqueness for such solutions which do not satisfy the additional regularity 
assumptions stated in Theorem 11.11 remains unsolved. 

Remark 1.3. Our proof gives more time integrability on the velocity v. More pre- 
cisely , we have v G L{'q^(M+; B^^ -^) for all p € [1, |[. 

Let us say a few words about the main difficulties encountered in the proof of 
Theorem 11.11 Even if we neglect the nonlinear terms in the Boussinesq system, 
which reduces the system to the following one 

dtuj + |D|cu = diO, dtO = 0, 

it is not clear how to perform the standard energy estimate on lo without using 
neither the control of higher order derivatives of 6 nor the maximal regularities of 
the heat kernel e"*'^' which would not be compatible with the nonlinear problem. 
For example for the energy estimate, one gets 

oTT^II^Ili^ + ll'^f^i = / diOudx, \\0{t)\\L2 = \\eo\\L2, 
zat j^2 

from which no conclusion can be made. 

The main idea in the proof of Theorem II. H that was also successfully used in the 
study of the Euler-Boussinesq system [19] is to really use the structural properties 
of the system solved by {u>, 6). We note that the symbol of the system which is given 

is diagonalizable for ^ ^ with eigenvalues and — 1^| which are real and simple. 
By using the Riesz transform TZ = one gets that the diagonal form of the system 
is given by 

dt{uj-ne) + \D\{uj-ne)=o, dt9 = o. 

This last form of the system is much more convenient in order to perform a priori 
estimates. For example one gets immediately from the continuity on of TZ that 

\\io{t)h2 + \\9{t)\\L2<C{\\u;o\\L^ + \\9o\y). 

To prove Theorem ll.H we shall use the same idea, we shall diagonalize the linear part 
of the system and then get a priori estimates from the study of the new system. The 
main technical difficulty in this program when one takes the nonlinear terms into 
account is to evaluate in a sufficiently sharp way the commutator [TZ, v ■ V] between 
the Riesz transform and the convection operator. Such commutator estimates are 
stated and proven in section [3] of the paper. 
The remaining of the paper is organized as follows. 

Section [2] is devoted to the definition of the needed functional spaces and the state- 
ment of some of their useful properties. Some technical lemmas are also given. 
Section [3] is devoted to the study of some commutator estimates involving the Riesz 
transform. Section [H is dedicated to the study of linear transport- (fractional) dif- 
fusion equation. Basically two kind of estimates are given: smoothing effects and 
logrithmic estimate. In section [5] we discuss a first set of a priori estimates and the 
issue of weak solutions. Section [6] is dedicated to the proof of Theorem I l.li The last 
section is devoted to the proof of some technical lemmas. 
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2. Notations and preliminaries 

2.1. Notations. Throughout this work we wih use the following notations. 

• For any positive A and B the notation A < B means that there exist a positive 
harmless constant C such that A < CB. 

• For any tempered distribution u both u and Tu denote the Fourier transform of 
u. 

• Pour every p e [1, oo], |[ • \\lp denotes the norm in the Lebesgue space L^. 

• The norm in the mixed space time Lebesgue space L^dO, T], L'^{M.'^) is denoted by 
II ■ IIl^L"" (with the obvious generalization to || • W^p^x normed space A'). 

• For any pair of operators P and Q on some Banach space X, the commutator 
[P, Q] is given by PQ - QP. 

• For p S [1, Qo], we denote by W^'^ the space of distributions u such that Vn G L^. 

2.2. Functional spaces. Let us introduce the so-called Littlewood-Paley decom- 
position and the corresponding cut-off operators. There exists two radial positive 
functions x G T>{R'^) and ip G 2:'(M'^\{0}) such that 

i) xiO + Yl = 1; V 5 > 1, supp X n supp (^(2-") = 

ii) supp <f{2-^-) n supp ip{2-''-) = 0, if \j -k\>2. 
For every v € 5'(M'^) we set 

A_it> = x(D)u ; G N, AgV = ip{2"m)v and Sg = ^ Ap. 

-1<P<9-1 

The homogeneous operators are defined by 

AgV = ip{2~'^B)v, Sgv = Y ^J^' '^1 ^ ^• 

i<g-i 

From [5] we split the product uv into three parts: 

uv = TuV + TyU + R{u, v), 

with 

TuV = ^ Sg-iuAgV, R{u, v) = 'Y^ AgiiA^t; and Ag = Ag^i + A^ + A^+i. 

Let us now define inhomogeneous Besov spaces. For (p, r) G [l,+oo]^ and s G M we 
define the inhomogeneous Besov space B^ .^. as the set of tempered distributions u 
such that 

II^IIb^,,. ■= {2'i'\\Agu\\Lv) < +00. 

The homogeneous Besov space B^ ,,. is defined as the set of u G 5'(M'^) up to poly- 
nomials such that 

lliillr,, := {2''^\\Agu\\Lp] < +00. 

Notice that the usual Sobolev spaces coincide with i3| 2 for every s G M and that 
the homogeneous spaces coincide with i?| 2 ■ 

We shall also use need some mixed space-time spaces. Let T > and /) > 1, we 
denote by Lj,Bp j. the space of distributions u such that 



2'''\\AgU\\LV 



< +00. 
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We say that u belongs to the 



ll^llz^B^,, ■= [^'"W^i^hf^Lp)^^ < +00. 

By a direct apphcation of the Minkowski inequaUty, we have the following links 
between these spaces. 
Let e > 0, then 

Lq^Bp y. ^ > Lj-:I3p J, ^ > Ijj^Bp ^ , if T ^ 

LqnBp^^ — y Lj^Bp ^ — > Lj^Bp ^5 if ^ 
We will make continuous use of Bernstein inequalities (see for instance). 

Lemma 2.1. There exists a constant C such that for q,k 1 < a < b and for 

f G L"(M'^), 

sup IIS^VIIlo < C^2^('=+'^(^-i))||5,/||i., 

\a\=k 

C-^2^*^||A,/b. < sup ||9"A,/||z.. <C7'=2^*^||A,/|U.. 

\a\=k 

The following result generalizes the classical Gronwall inequality, see Lemma 5.2.1 
[8] for the proof. It will be very useful in the proof of the uniqueness part of 
Theorem II. li 



Lemma 2.2 (Osgood lemma). Letj G Lj'Q^(IR4.; M+), fi a continuous non decreasing 
function, a G M+ and a a measurable function satisfying 

< a{t) <a + [ j{T)n{a{T))dT, Vt G M+. 
Jo 

If we assume that a > then 

/■* dr 
-M{a{t)) + M{a) < / 7(T)dT with M{x) :-- 



Jx Kr) 

If we assume a = and lim^^o+ Mix) = +00, then a{t) = 0, Vt G M+. 

Remark 2.3. In the particular case //(r) = r(l — logr) one can show the following 
estimate, see Theorem 5.2.1 [8]: for every t G 

3. RiESZ TRANSFORM AND COMMUTATORS 

A crucial step in the implementation of the strategy exposed in the introduction for 
the proof of Theorem 11.11 is the study of commutators between the Riesz transform 
TZ = di/\D\ and the convection operator u • V. The results of this section hold for 
all space dimension d>2. 

Let us first recall some well-known properties of the Riez operator. 

Proposition 3.1. Let TZ be the Riez operator TZ = di/\D\. Then the following hold 
true. 

(1) For every p g]1, +oo[, 

\\nc{LP) < 1- 
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(2) Let C be a fixed ring. Then, there exists ijj G S whose spectum does not meet the 
origin such that 

nf = 2'^''V(2'^-)*/ 

for every f with Fourier transform supported in In particular, TZAq is uniformly 
bounded (with respct to q gN) in for every p G [1, +oo]. 

The property (1) is a classical C alder on- Zygmund theorem (see |21j for instance) 
and (2) is obvious. 

The proof of the next lemma is easy and can be found in |19j . 

Lemma 3.2. Letp G [1, oo], /, g and h be three functions such that V/ G L^, g G 
and xh £ L^. Then, 

\\h*{fg) - f{h-kg)\\LP < lk/i||Li||V/||Lp||5'l|L-- 
Here is the main result of this section. 

Theorem 3.3. Let v be is a smooth divergence- free vector field. Then the following 
hold true. 

(1) For every s g]0, 1[ 

m,v]e\\Hs <s \\Vv\\L2\mB^-' + IbllL^I^IlL^, 

OO ,2 

for every smooth scalar function 0. 

(2) For every p G [2, oo] 

^^IITj^II II-£^cxD.CXD ll^ll-L II II -L 5 

for every smooth scalar function 0. 

Proof of Theorem \3.3[ (1) We split the commutator into three parts, according to 
Bony's decomposition 

[n,v]e = Y,[n,s,^iv]Age + Y,[T^,\^]s,^iO 

g>-l 

qeN qeN q>-l 

= I + 11 + III. 

• Estimation of I. According to the point (2) of Proposition 13.11 there exists h £ S 
whose Fourier transform does not contain the origin such that 

lq{x) = hg-k (Sg^lVAgO) " Sg^lV{hg * Ag6), 

where hg{x) = 2'^'^h[2^x). Applying Lemma 13.21 with p = 2 we infer 

PglliZ < ||x/lg||il||V5g_l7; ||i2||Aq6'|lL00 

(3.1) < l-^VvW^^WAgOU^. 

In the last line we have used the fact that ||x/iq||j;^i = 2~'?||x/i|[j;^i . Since for every 
(7 G N the Fourier transform of Ig is supported in a ring of size 2"^ then 

||I|||,.^5:22^^||I,||i.. 
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Combined with ()3.ip this yields 

mh<\\'^v\\l4e\\l,^,. 

oo ,2 

• Estimation of II. As before we can write 

Ilg(x) =hg* (Sg^ieAgV) " Vl^(^9 ^ ^ ^ 

and again by Lemma 13.21 with p = 2 we obtain 

l|ng||L2 < \\Vv\\L22-'^\\Sg^i0\\Lo^ 

< \\Vv\\l22-'^ Y1 ll^i^lU-- 

J<<?-2 

Thus, 

2''1|n,||L2 < \\Vvh2{2^'-'>*2(^-^>\\A.9h^){q). 
where * is the discrete convohition in N U {— 1}. 

Here again the Fourier transform of Ilg is supported in a ring of size 2"? and by conse- 
quences ||n||/fs ~ ||2*' ||I. 11^,2 11^2- Combined with (??) and discrete Young inequahties 
(remember s < 1) this yields 

l|n||H= <s \\Vv\\l2\\2^'~^y\\A.e\\Loo\\^, 

~ ||Vt;|| r2 ll^ll Rs~i. 

II 111. II iii;^_2 

• Estimation of III. We distinguish two parts 

III = ^[7^, Agv]Age + ^[7^, Agv]Age := Ji + J2. 

q>l q<0 

Ji contains only terms whose Fourier transform are localized away from zero. For 
them, we can use Proposition 13.11 and Lemma 13.21 as before. This gives 

\\[n,Agv]Age\\L2 < 2~'^\\\/v\\L2\\Age\\Loo. 

Note that we have used the fact that for g > 1, we have ||7?-Ag0||ioo < ||Aq0||/,oo. 
Now we have 

2J'^||A,-Ji||i2 < ||V^;|U2 Yl 2(^^-^)^2'?(^-i)||Ag0||Lco 

'?>i-4 

Since s > then the convolution inequality leads to 

II-^iIIh- ^ I|V'(^IIi,2||^IIr''-i- 

^00,2 

J2 contains a finite number of terms with low frequencies and it can be handled 
without using the commutator structure. Indeed, from Bernstein inequalities and 
the L^-continuity of the Riesz transform we obtain for q < 

\\[n,Agv]Age\\L2 < \\Agv\\L2{\\Age\\L^ + \\nAge\\L^) 

< ML2mL^ + \m\L^) 

^ II^IIl2||6'IIl2- 

Thus we get for every s E M 

W-hWn- < II^^IIl2||6'IIl2. 

This ends the proof of (1). 
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(2) We use again Bony's decomposition to write 

[n,vv]e = J2[Tz,Sg.ivV]A,e + Y,['^,^c,v-v]s,.i9 

<?>-! 
= I + 11 + 111. 

Similarly to ()3.ip we have 

\\[n,Sg^ivV]Age\\^^ < 2-'^\\Vv\\Lp\\AgV9\\L^ 

< \\Vv\\Lp\\Ag0\\Lo^. 

Thus we get 

For the second term we have 

||[7e,Agt;- VIVi^ILp ^ 2-«||VA,t;||Lp||ViVe|lL- 

j<9-2 

It follows that 

PI||b" ^ I|Vw||lp||6'||so . 
To estimate the remainder term we use the embedding ^ -^^,00? 

ll™bj!,oo ^ E II 1^' • ^IN^IIi- + II E ^'/^']^9^||bo ^ ■ 

For the first term of the RHS we use Bernstein inequalities {p > 2) and the 
continuity of TZ to get 

J];||[7^,Ag^;• V]A,e||LP < ||t;||i2 J^^dl VAg^Hioo + ||7eVA,^||L-) 

^ lbllL2||^llL2. 

The second term is estimated as follows 

\\Y[TZ,AgvV]Ag0\\BO^^ < ||Vi;||LPSup 2^-'^\\Aq9\\L^ 

q>2 ^ q>j-4: 

< \\Vv\\lp\\9\\bo^^^. 

This ends the proof of Theorem 13.31 □ 

4. Transport-Diffusion models 

This section contains some estimates needed in the proof of Theorem ll.il We start 
with the following Besov space estimate for the transport equation, for the proof see 
for example [2]. 

Proposition 4.1. Let v be a smooth divergence- free vector field. Then, every scalar 
solution ip of the equation 
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satifies, for every p G [l,+cx3], 

^1 <Cexp(C f\\v{T)\\si ^dT)(\\rh-^ + f\\f{r)\\j,-^ dr 

The second proposition is dedicated to some logarithmic and estimates. 

Proposition 4.2. Letv be a smooth divergence- free vector field, k G M+ and {p,r) € 
[l,oo]^. Then there exists C > 0, such that every scalar solution of 

(4.1) at^ + r;- VV + k|D|V^ = /, V|t=o = V'", 

satisfies 

||V'lll=.BO.,<c(||^Obo,, + 11/11^.^0 J (l+ / \\Vvir)h^dr), 
and ^ 

wmu. < iiv'°iilp+ / \\f{r)\\LpdT. 

Jo 

The first result was first proved by Vishik in [23] for the case k = by using 
the special structure of the transport equation. In [17] the first two authors have 
generalized Vishik result for a transport-diffusion equation where the dissipation 
term takes the form —KAip. The method described in [17j can be easily adapted to 
the model (|4.ip . for more details the complete proof can be found in [19]. The 
estimates are proved in [TO] . 

In the proof of the uniqueness part of the main theorem we shall also need some 
estimates for the linearized velocity equation. 

Proposition 4.3. Let v a smooth divergence free vector field, s g] — 1,1[ and p € 
[1, cxo]. Let u he a smooth solution of the system 

(LB) dtu + v ■\Iu+\D\u + Vp = f, divn = 0. 

Then, we have for every t S ]R_|. 

MLTB^,^^<Ce^''^'^(\\u^Bi^ + \\f\\ 
where V{t) := ||Vv(r)||Loodr. 

Proof of Proposition \4-S\ For g G N we apply the operator Ag to (LB) 

dtUq + V ■ VUg + |D|nq + Vpq = -[Ag,V ■ V]m + fq. 

Taking the L^ inner product of this equation with Uq we get due to the incompress- 
ibility of v and Uq 

+ / i\^\Ug)Uqdx<\\Uq\\L2(\\[Aq,vV]u\\L2 + \\fq\\L2). 

From Parseval identity we get 

C2''\\Uq\\l2 < I {\I)\Uq)Uqdx. 

Thus we get 

j^\\Uq{t)\\L2+c2l\\Uq{t)\\L2 < 1 1 [A„ ■ ) 1 1 ^2 + 1 1 /, (t ) 1 1 ^2 . 



1 d 2 
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Integrating in time this differential inequality we obtain 



-2n*-)^|,[A^^^;.V]n(r)||^. + ||/,(r)||^.)dT 



Jo 

Using Holder inequalities we get 

HhrL^ ^ |lnO||i2+^*||[A„^;.V]n(r)||i2dT + 2''(-^+i)||/,(r)||^Pi2 
Multiplying by 2''^ and taking the supremum over g G N we find 
(4.2) snp2'''\\ug\\L^L^<\\u^\\Bi^+ [ sup2^'\\[Ag,vV]u{T)\\L2dT+ _ , 

Let us recall the following classical commutator estimate (see [8] for instance) 
sup 2'^^\[Ag,vV]u{T)\\L2 <s \\Vv\\l^\\u\\bi^, VsG (-1,1). 

q>-l 



Combined with (j4.2p this yields 

sup2'="||ug||ioc^2<||'u°||ij| + / ||V7;(T)||Loo|[n(r)||B|^c?T+ 11/11^ 

For the low frequency block, we have from the energy estimate of the localized 
equation 

jJA^iu{t)\\L2 < ||[A_i,T;.VKi)||L2 + ||A„i/(t)||i. 

< \\Vvit)\\L^\\umBi^ + \\A-ifmL^ 

It follows 

||A_in(t)||^2 < ||A_iuO||i2 + y" ||V^;(r)||L^||n(T)||s|_^(ir+||A_i/||^i^2 
^ ll^°ll^loo+/ \\^<t)\\L-'Mr)\\B^,^dT + t'"-p\\f\\ 

The outcome is 



+ / \\'^vit)\\L^\HT)\\B?,_^dT+{l+t^ -P 

Jo 



W)\\bI^<\\u^\\bI^+ I \\\fV{t)\\L^\\U{T}\\Bl^aT+{l+t- Pj||/|U_,_i+i. 



A Gronwall inequality gives the claimed result. □ 

The proof of the next proposition can be done in a similar way as Theorem 1.2 in [1]. 

Proposition 4.4. Let v he a smooth divergence-free vector field and ip he a smooth 
solution of the equation 

dti> + vV^+\D\i, = f, V|t=o = V'°- 

Then, for every s s] — 1; 1[ and [p,p,r) G [1, oo]'^ there exists C > such that 



l^Bs <Ce^^(*)(|[<||B^^ + (l+t'-')||/L .-i+i), VtG^+, 
where V{t) = ||Vf H^^i^^ 
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5. Weak solutions 

Throughout the coming sections we use the notation <^fc to denote any function of 
the form 

^k{t) = Co exp(.„exp (Cot)...), 

k times 

where Cq depends on the involved norms of the initial data and its value may vary 
from line to line up to some absolute constants. We will make an intensive use 
(without mentionning it) of the following trivial facts 

[ ^k{r)dT < and exp( / $fc(r)a!T) < <^k+i{t). 

Jo Jo 

In this section we shall establish a first set of a priori estimates and discuss some 
results about weak solutions which are easy consequences. These a priori esti- 
mates are also needed in order to construct the global strong solutions as stated 
in Theorem ll.il 

The first result is concerned with weak solutions in the energy space. 

Proposition 5.1. Let {v^,9^) G x L^, then there exists a global weak solution of 
(fLTI) in the space L^^{R+; L'^) n Lf^^{R+; H^) x L°°(R+;L2) such that 

ft 



L2 



+ / \Hr)\\l.dT < Co{l + t' 
Jo 



|L2- 

If in addition, 6^ £ for some p G [l,oo], then there is a weak solution which 
satisfies also 

womir' < ii^^iilp. 

Proof of Proposition 15. il The estimate of 6 in is a consequence of the incom- 
pressibility of the flow. The energy estimate for the velocity can be obtained 
by taking the L^-inner product of the velocity equation in the Boussinesq system 
with V, 

rt 



< lb(i)llL2||e(t)||L2 



< II^WIIl2||^°IIl2. 



Thus we obtain 

lb(i)llL2 < lb°||L2+ f\\e{T)h2dT 

Jo 

< \\v^\\L2 + \\9°\\L^t. 

Inserting this inequality into the previous one leads to the desired estimate. Now 
to construct global solution we can proceed in a classical way using the Friedrichs 
method. We omit here the details and for complete description of this method we 
refer for example to [12]. □ 



Remark 5.2. Due to the weak regularity of the velocity, the uniqueness problem for 
these weak solutions seems an interesting widely open problem. 

Now we aim at constructing global weak solutions for more regular initial data near 
the scaling space x described in the introduction of this paper. 
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Proposition 5.3. Let {v^,9^) e x L"^ D U' , with r €]4, oo]. Then, there exists a 
global weak solution (v, 0) for the system (11. ip such that 



\0J[t)\\\2 



+ f \\{Lo-ne){r)f , dT<^^{t), 

Jo 



where iv = curl v. 



Remark 5.4. From the estimate of Proposition 15. 31 we see that we have an additional 
smoothing effect for the quantity to — 1Z9 since 9 belongs only to the space L'^{L'^ n 
L^). This phenomenon illustrates the strong coupling between the velocity and the 
temperature. 

Proof of Proposition 15.31 We shall, here again, restrict ourselves to the proof of the a 
priori estimates. The construction of global solutions can be done by following |12j . 
As explained in the introduction we do not have any available obvious estimate 
for the vorticity. Thus in order to get some estimates we write the Boussinesq 
system under its diagonal form. For this purpose we set F = a; — TZO. Then we get 
from ([TT]) 

(5.1) idt + vV+\B\)T = [n,vV]e. 

By using the identity [TZ, v -VjO = div([7^, v]9) and a standard energy estimate, 
we find 

+ = l^^div{[n,v]9){t,x)r{t,x)dx 

< \\[n,v]9{t)\\^.\\T{t)\\^.. 
From Theorem 13.31 and Proposition 15.11 we have 

\\[n,v]9{t)\\^^ < \\Vv{t)U49{t)\\ ^+\\v{t)U4omL^ 

< Mt)\\L4omLr + {i + t). 

< \\u;{t)h2\\9^Ur + il+t). 

_i 

Here, we have used that || Vf |1j;^2 ^ ||i^||l2 and the continuous embedding U' ^ B^2i 
for every r > 4. Thus we get 

\\[nMe{t)\\^.<\\u{t)\\L2 + {i + t). 

However, the L^-continuity of IZ and the conservation of the norm of 9 yield 
together 



Mt)\\v^ < wmh^ + \\mm 



L2 



< \\mu2 + \\9'>h2. 

Collecting the previous estimates, we find 

Ijjnmh + iirwii^ < (iir(t)k. + i+t)\\m\\^.. 

It follows from the Young inequality that 

j^wmwh + iirwii^ < cowmwi + coii + f). 
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After an Integration in time and the use of the Gronwall inequahty we obtain 

\\m\\h+ /Vwf.irfr < Co(l + t2)e^o* 
Jo 

< ^i{t). 

This ends the proof of the claimes a priori estimate in Proposition 15. 3[ 

6. Proof of Theorem 11.11 



□ 



The proof of Theorem 1 1 . 1 1 wih be done in three steps. First we prove other a priori 
estimates for the equations (II. ip . Second, we prove the uniqueness part. Finally, we 
discuss the construction of the solutions. 

6.1. A priori estimates. We have already proven some a priori estimates in Propo- 
sition 15.11 and Proposition 15.31 In the sequel we shall prove some other estimates. 
To estimate the norm of lo we have to distinguish two cases. If p g]2, 4[ then we 
can prove this estimate in one step. If not, we establish first an estimate of the 
norms of to for all r g]2, 4[ and theE0 use it to get a smoothing effect on the quantity 
{u! — 1Z9). This will in turn yield the crucial estimate on the Lipschitz norm of the 
velocity. Finally, by using the estimate on the lipschitz norm of the velocity, one can 
easily propagate the norm of the vorticity and conclude the subsection about the 
a priori estimates. 

Proposition 6.1. Let {v,6) be a solution of the Boussinesq system (jl.ip such that 
eH'^n W^'P and 6*° G n L°° with p €]2, +oo[. Then, 

MtWLr+ f\\iu;-ne)iT)\\l.^dT<'^^it), 
Jo 

for every r G [2,4[n[2,p]. 

Proof of Proposition \6.1[ Multiplying ()5.ip by |r|''~^r and integrating in space vari- 
able we get for every s g]0, 1[ {s will be carefully chosen later) 

--lirwilr. + / (|D|r)|rr"2rdx = [ diY([n,v]e)\r\^-^Tdx 

rdt Jf,2 Jji2 

(6.1) < \\[n,v]eit)\\^,_Mr'm\\H^- 

According to Lemma 3.3 in [18] one has 

-lliri^f. 1 < / (|D|r) irr-^rdx. 

Combining this estimate with the Sobolev embedding ^ L^, we find 

(6.2) ||r||22. < / mT)\Tr^Tdx. 

To estimate the RHS of (j6.ip . we use the following lemma (see the appendix for the 
proof). 

Lemma 6.2. 



^ Notice that, concerning the velocity, the assumptions of Theorem 1 1.1 1 are equivalent to £ 
and ui'^ £ for all r £ [2,p], for some p g]2, +cx)[. 
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Let (3 € [2,+oo[ and s G.]0,l[.Then, we have 

III 1/5-2 II < II ||/3-2|| II 

for every smooth function u. 



Combined with (j6.ip and (j6.2p this lemma yields 

±\\Tmir+c\\m\\hr < ||[7e,T;]0(t)||^,_j|r||2^,2||r||^,^,_,. 

We choose s €]0, 1[ such that s + 1 — ^ = ^ which means that s = ^ — ^, this is 
possible if r E [2,4[. Thus we get 

±\\r{t)\\lr + cwmwi,. < \\[n,vm\\^,_^\\r\\i-^?\\r\\^.. 

Theorem 13.31 and Proposition 15.31 yield 

\\['J^,v]e{t)\\^,_^ < \\[n,v]e{t)\\^,.^ 

< \\^v\\L4o\\B-% + hmLmmL^ 

oo ,2 

< Mt)hmt)\\B-^+co{i+t^) 

oo,z 

< <^iit)\\9it)\\^-s +Co{l + t^). 

It suffices now to use the embedding ^ ^^'^ s > 0. and Proposition 15.11 to 
get that 

\\[T^Mm\\H^-s<^i{t). 

Therefore 

|||r(t)||£. + c||r(t)||i.. <ci>i(t)||r||^^.2||r||^.. 



From the Young inequality 



\ah\ < C\a\^ + ^\h\--^ 



we get 

Unmir + \\m\\hr <^i{t)\\mr 

at 

After integration in time and the application of the Holder inequality (remember 
that r < 4), we find 

iir(t)rL.+ f\\nT)\\i..dT < <^,{t){ f\\nT)f ,^dTy'' + \\T\^r 

Jo Jo 
(6.3) < $i(i). 

In the last line we have used Proposition 15. 3i □ 

Next we give a smoothing effect for the quantity F which will be the keystone of a 
Lipschitz control of the velocity. 

Proposition 6.3. Under the assumptions of Proposition [g!7] we have 

\\uj - n9\\^ 2 < $i(t), 



for every r € [2,4[n[2,p] and p S [1, |[ 
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Proof of Proposition 1 6. 3[ For g € N we set Tq = AqT. Then, we localize in frequen- 
cies the equation (jS.ip for T to get 



dtTg + vWrg + lDlTg = - [ A„ • V] F + A, ( [7^ , • V] ^ ) 

■■= h 

Since Tq is a real- valued function then multiplying the above equation by |rg|''~^rq 
and integrating in the space variable we find 

-U^M\lr + I (|D|r,) \TqY-^Tqdx < \\Tq{tW-^\\fq{t)\\Lr. 

r at J^2 
From [9], we have the following generalized Bernstein inequality 

/ {\B\Tq)\Tqr''Tqdx > cl^WTqWlr, 

for some c > independent of q and hence we find 

—wumir + c2^m\\lr < wvqitwfr'wfgmLr. 

This yields 

WUmLr < e-*2'||r°||^. + [\-<'-^^''\\fq{r)Urdr. 

Jo 

By taking the Lf[0, t] norm and by using convolution inequalities, we find 

Jo 

(6.4) + 2'?(^"^) / \\Aq{[n,vV]e){T)h,dT. 

Jo 



To estimate the second integral of the RHS we use the part (2) of Theorem 
Proposition 15.11 and Proposition 16 . II to get, for every q £N 

\\Aqi[n,vV]9)\\^^ < \\yv\\Lr\\e''\\Lo. + \\v\\L2\\e\\L2 

< MLr\\9°\\L^ + \\v\\L2\\e\\L2 

(6.5) < «5i(t). 

To estimate the first integral of the RHS we use the following lemma (see the ap- 
pendix for the proof). 

Lemma 6.4. Let v be a smooth divergence-free vector field and f be a smooth scalar 
function. Then, for all a £ [1, cxo] and q > —1, 



[Aq,vV]f\\L'^ < \\Vv\\Lr„^ „ ^ 



Using this lemma and Proposition 16.11 we infer 

||[Ag,i;-v]r|U < l|v^;||L.-||r| 



^ llwllLr ||r|| 2 

< ^i(i)l|r|| 2 . 
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Let G N to be chosen later. We shall split the sum that we have to estimate into 
two parts q < N and q > N. Since 4 > r > 2p we get 

(6.6) ^2''^r~-p)\\[Ag,vV]T\\^, <2-^^p~^hi{t)\\T\\ 2_ . 

q>N ■^'■■1 

To estimate the low frequencies, we first use the crude estimate 

q<N 

(6.7) < 2-r^^i{t). 

In the last line we have used (|6.3p . Gathering (|6.4p . (j6.5p . (|6.6p and (|6.7p together 
yield 



< 2^^$i(t) + 2"^(p^^^4>i(i)||r|| 

< 2^^$i(t) + 2~^(p"^^^>i(t)t^"p||r| 



< 2^^$i(t) + 2"^(p"^^«>i(i)||r|L 2 

We choose such that 

2-^(^^)c,,(i) ^ 1 

and we finally obtain 

iiriL 2 < $i(t). 

This ends the proof of the desired result. □ 

2 

Remark 6.5. From the embedding B^^ ^ ^ we immediately get from the above 
estimate that for t S M_|_ 

(6.8) iiriijp^o <$i(t). 

t oo, 1 

The previous propositions allow us to prove a crucial a priori estimate on the gradi- 
ent of V and to propagate the Besov norm of 9. This will be particularly important 
for the uniqueness part of the proof of the main theorem. 

Proposition 6.6. Let {v,6) be a smooth solution of the system (jl.ip . Letv^ € H W^'^ 
with p G]2, +oo[ and 6*° G n ^ Then, we have 

for every p £ [l,2[n[l, |[. 

Proof of Proposition \6.6l Using the definition of T and (j6.8p for p = 1 we get 

(6.9) < <^>iit) + \\ne\\LiBO^^^. 
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Now from Bernstein inequality, Proposition 13.11 and Proposition 15. H we find 

||7^^(^)bo < \\A.ine{t)\\L^ + \m\\BO ^ 

oo , 1 oo , 1 

(6.10) < ||^°||L2 + ||^(t)||B[L,,- 

By applying Proposition 14.21 to the second equation of we get 

(6.11) ll^llr-RO , < ||0°bo , (l + WVvhlLoo 



However, Bernstein inequality and the estimate 2*^11 AguHioo ^ \\AqUj\\L°° for 
g € N yield together 

(6.12) < Coil + t^) + Co [ ||w(r)||^o dr. 

Jo 

In the last line we have used Proposition 15. 1[ 

WesetX(t)=/ ||u;(r)||^o dr. Combining ([621), (I6l0|), ([STI]) and ([612]) we 
Jo 

X{t) < $l(t) + Co / X{T)dT. 

Jo 

and the Gronwall inequality yields 

/ Mt)\\sO ^dT<^,{t). 

Jo 

Form the above estimate and (j6.12p we also get 

ll^ll^^^i ^ Co{l + t^) + CoXit) 
< Mt)- 

By combining this estimate with (j6.10p . we find 



t oo,l 



This leads to 



(6.13) \\ne\\i^^o^^<'^i{t). 

Finally (|6.8p yields for every p £ [1, |[ 

£ oo.l £ oo.l r oo,l 

< $l(t) + ||7^e||^PoO . 

£ oo,l 



By using Holder inequality and ()6.13p we find 

< $i(t). 



1 



It follows that 
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and then 



V 7 



t OO ,1 



It remains finally to propagate the norm of the vorticity (when p > 4) . 
Proposition 6.7. Under the hypotheses of Proposition [67S\ we have 

for every t € M+. 



□ 



Proof of Proposition 6.7. Recall that the quantity T = to — TZO satisfies 

dtV + v -VT + \D\T = [n,v-v]e. 
Using Proposition 14.21 we find 

||r(t)||LP < ||r°||LP+ f \\[n,vV]9{T)\\^^dT. 

Jo 

Recall now the following commutator result proven in [19]: for p € [2, cx)[ we have 

lll^,^'- v]0||^o < \Nv\\Lp{\\e\\BO +mLp) 

It follows from the C alder on- Zygmund Theorem and Proposition 16.61 that 



[n,vv]eit)\\^, <ci>i(t)||^(t)|| 



On the other hand we have 



LP- 



\Ht)\\LP < \\T{t)\\LP + \\ne{t)\\LP 
< ||r(t)bp + ||e°||LP. 

By putting together these estimates, we find 



ft 

\Ht)\\LP < Wl^'^Wlp + Wd'^hp + / <^l{T)\\u;{T)\\LpdT. 

Jo 

It suffices to use the Gronwall inequality to end the proof. □ 

Remark 6.8. Taking this estimate into account, we can also trivially extend the 
results of Proposition 16.31 and Proposition 16.61 to every p E [1, |[. 

6.2. Uniqueness. We will now prove a uniqueness result for the system (jl.ip in 
the following space 

Xt := LfH' n L^rBl^, x L¥{L^ n i?So,i)- 

Let {v^,6^) two solutions of the system (jl.ip with initial data {v^,6^) and lying in 
the space Xt- We set v = - v'^ , 9 = 9^ - 9"^. Then 

dtv + v'^ - Vv + \D\v + \/p = -v-Vv^ + 9e2 
dt9 + v'^-Ve = -vV9^. 

To estimate v, we shall use Proposition 14. 3i By considering the equation for t; as a 
linear equation with a right hand-side which is made of the sum of two terms, we 
can write v = Vi + V2 where Vi solves 

dtVi + ■ VVi + \D\Vi + Vpi = Fi 
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with Fi = —V ■ Vv^, and F2 = 9 62- To estimate V\, we use Proposition 14.31 for p = 1 
and s = while to estimate V2, we use Proposition 14.31 for p = +00, s = 0. This 
yields for every t € [0, T] 

(6.14) 11.(011^0^ < e^^^W(||.°||^o^ + \\v Vv^WlIbI^ + \\Oh^,-^^il + t)) . 

Prom Lemma 16.101 in the appendix we get 

lb ■ Vf^llfio < ll^^llsi , \\v\\l2. 
2,00 00,1 

Now, by using the logarithmic interpolation inequality of Lemma 16.111 combined 
with easy computations, we find 

'Mlrrl 



Hl^ < \\v\\bo log (e II ^ 



2,00 



^ Mbo logfe + Fl~ ) log (e + IbllHi)- 



-^2,00 



Thus we get 

(6.15) \\v-Vv^\\bo < llt'^llsi log (e + ||i;||^i)^(||f|loo ). 

where /i(x) = xlog(e + l/x). On the other hand, applying Proposition l4.1l with p = 2 
to 6 yields 

(6-16) \\9\\^^^ . < e''"'''"^'^-^. (ll^^ll . + f\\v VeHr)\\ . dr). 

t z.oc \ i.oc 2,00 / 

To estimate the right hand-side, we use the following product estimate (see Lemma 
16.101 in the appendix) 

lb-V0i||«-i <\\v\\l40'\\bo ■ 

-"2,00 00,1 

The combination of this estimate with Lemma 16.111 yield 

(6.17) WvVe^^ i < II^'IIbo log(e+||^;||^i)MII^'ll«o ). 

z , 00 00 , ± z , 00 

We set X{t) = ||6'|Loco-i + \\v\\loobo ■ Putting together (IHlil) . IKTE\\ . (IHIHI) and 

t 2,00 ^ 2,00 

(j6.17p gives 

Xit) < /(t)(x(0) + 1^ \\vHr)\\Bi^^^fi{X{T))dT 

with / a known function depending continuously and increasingly on the quantities 
||(u*, 0*)||;v:'( and on the variable time. Now from Lemma 12.21 we get the uniqueness. 
Finally, let us now give some quantified estimates that will be used later for the 
construction of the solutions. Applying Remark 12.31 we get 

(6.18) X{0) < a{T) =^ X{t) < ^{T){X{0)y^^\ 

where a,/3, 7 are explicit functions depending continuously on ||(t;*, 0*)||;t'y and T. 
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6.3. Existence. We consider the following system 

dtVn + Vn ■ Vvn + |D|i;„ + Vpn = 6'„e2 



(Bn) 



dt0n + Vn-S/en = 

divvn = 

Vn\t=0 = SnV^, On\t=0 = ^riG^ 

First remark that SnV°,SnO° G i^^Vs € M since v^,9^ G L^. As in the classical 
theory of quasi-linear hyperbolic systems, we can prove the local well-posedness of 
the system (B„). The global well-posedness is related to the following criterion: the 
solution can be continued beyond the time T if the quantity || Vv„||^i^^oo is finite. 
Now from the a priori estimates, in particular Proposition 16.61 the Lipschitz norm of 
the velocity can not blow up in finite time and hence the solution {vn,6n) is globally 
defined. Once again from the a priori estimates we have for 1 < p < p/2 

ll^"llL5?(HinM/i.p) + - ^2(r), 

and 

It follows that up to the extraction of a subsequence {vn, On) is weakly convergent to 
{v, 9) satisfying the same estimate as above. Now using (|6.18p we get the following: 
if we have 

an,m=\\{Sn- Sm)v^\\BO + || (-^n " 5'm)6'° || d-i < Ol{T) 

2,oo ^2,oo 

then 

~ "^ni r«= rO ~\~ \\9n ~ 9m\\j ao-r>-i ^ P{T)[an,m) 

This proves that {vn) is a Cauchy sequence and hence that it converges strongly to 
V in the space L5^i?2 oo- By interpolation we can easily get the strong convergence of 
Vn to V in L2([0, T] X R2). This implies that Vn'S'Vn converges in L-'^([0, T] x M^). But 
since On converges to 9 weakly in L^([0, T] x M^) then, by weak strong convergence, 
we have also that Vn On converges weakly to v 9. 

This allows us to pass to the limit in the system (B„) and to get that (v, 0) is a 
solution of our initial problem. 

Appendix: some technical lemmas 
Here we restate and prove Lemma |6.2[ 
Lemma 6.9. 

Let (3 e [2,+oo[, s e]0, 1[ and u € L^^ Ci H''~^^~ . Then we have 

III ,(3-2 II < II ||/3-2|| II 

Proof. We shall actually establish the more accurate estimate: 



13,2 

■ S+1-- 

Once this estimate is established, the result follows from the embedding H ^ Bp 2; 



for (3 >2 which is an easy consequence of Bernstein inequalities. For < s < 1, we 
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can use the characterization of the homogeneous Sobolev space H^, 

(6.19) \\\u\^ "11^^ ^F^^ 

On the other hand there exists C depending on /3 such that for every a, 6 E R 

\\af-^a - \bf-H\ < C\a - b\{\af-^ + \bf-^). 

Thus using this inequahty and integrating in y we get by Cauchy-Schwarz inequahty 

\\\uf-\{x -■)- \uf-M-)\\L^ < CMx -■)- u{-)hp\\u\f-^. 

Inserting this estimate into (|6.19|) and using the characterization of Besov space 
leads to 

III 1/3-2 ||2 ^ II ||2/3-4 f ~ ■) ~ ^(Olli/S 



^ II"IIL^^ I 1^,2+2. 



^ II ||2/3-4|| ||2 
Il'"'lli2^i IFII^S 



This conchides the proof. □ 

Lemma 6.10 (Commutators estimates). Let v be a smooth divergence- free vector 
field and f be a smooth function then 

(1) for every q > —I 

m„v ■Whr' <\\VvU4f\\B0^^^- 

(2) For every s £ [—1,0] 

-^00,1 

Proof. (1) We shall actually prove the refined estimate 

\\[A,,vV]e\\L.<\\\/v\\L40\\BO 



oo , oo 
2 



The desired estimate will follow from the embedding B^-^ ^ B^^^. We have from 
Bony's decomposition 

|j-'?l<4 li-Ql<4 

i>g-4 
:= + + 

Observe first that 

lg= ^ hq* [Sj^iv ■ VAj9) - Sj^iv ■ (kg * VAjO) 
b-g|<4 

where hq((^) = ip{2^'^^). Thus, Lemma 13.21 and Bernstein inequalities yield 

UqWlp < X] \\xhg\\Li\\VSj-iv\\Lp\\yAj0\\L^ 
Ii-i3l<4 

< \Nv\\L4ho\\L^ Yl ^'''W^Ml^ 

li-9l<4 

< IIV^;| 
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To estimate the second term we use once again Lemma 13.21 

IIIIgllLP < Yl 2-^11 AjV^;||lp II VSj^i^IIloo 
li-g|<4 

< ||V7;||lp 2'="'l|Afce||L- 



b-9l<4 
k<j-2 



< \\Vv\ 



Let us now move to the remainder term. We separate it into two terms: high 
frequencies and low frequencies. 

Ill, = [A,9i,A,^;^]A,0 + [A„A_ii;-V]A_i0 

j>q-'l 

:= III^+III^. 

For the first term we don't need to use the structure of the commutator. We estimate 
separately each term of the commutator by using Bernstein inequalities. 

IIIII^IIlp < Yl 2^I|A,-^;||lp||A,^||loc 

3>q-4 

< \\Vv\\lp Y 2''~^'||A,e||L.c 

< ||Vw||lp||6I||bo . 

For the second term we use Lemma 13.21 combined with Bernstein inequalities. 

IIIIIgllLP < ||VA„iw||lp||VA_i^||l.o 
< ||Vi;||Lp||^bo^_^. 
(2) According to by Bony's decompostion and diw = 

vVu = T^,idiU + Tq^uv' + din{v\u). 
To estimate the first term we write by definition 

2«^||A,(r„.a,n)||^2 < Y 2^'+^1IVi7;||i2||A,^x||i^. 

b-q|<4 

Now we use the inequality 

||5'j--i't;||i2 < 11-^11^2. 

Thus we get 

s\r£)2'^''\\/:iq{T^rdiu)\\i2 < ||?;||i2||u|| . 
Straightforward calculus gives since 1 + s < 0, 

2^^||A,(ra^„7;*)||i2 < Y 2^'(^+^)||A,,^.||,.^||A,HIl2 

li-g|<4 
fe<j-i 

^ lbllL2|l^^llBi+f • 

oo,l 

and 

\\din{v\u)\\B^^ < ||t;||L2||n||gi+«. 

□ 
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Lemma 6.11. Let v € then we have 

'\v\\m 



l'^lli,2 ^ II^'IIbS log e + 



2,°o V ||^;|[ 



2,oo 



Proof. Let € N* be a fixed number then using the dyadic decomposition we get 

11^11^2 < J2 + ^ l|AgV||i2 

q<N-l q>N 
-N\ 



Choosing 

N 



< N\\v\\bo +2-''\\v\\h^. 

2,oo 



log2 (e+ Iblbi/lbllso^ 



gives the desired resuh. □ 
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